
Greyson C. Wesley Analysis II: Homework 1 January 26, 2024

Contents

1 Homework 1 1

3 Homework 2 7

4 Homework 3 14

5 Homework 4 21

6 Homework 5 29

Alphabetical Index 40

1 Homework 1

1.1 Exercise: Folland Exercise 5.29.

Let Y “ L1pµq where µ is the counting measure on Zě1, and let X “

tf P Y |
ř8

1 n|fpnq| ă 8u, equipped with the L1 norm.
(a) X is a proper dense subspace of Y ; hence X is not complete.
(b) Define T : X Ñ Y by Tfpnq – nfpnq. Then T is closed but not bounded.
(c) Let S – T´1. Then S : Y Ñ X is bounded and surjective but not open.

Solution. Let K denote R or C. As µ is the counting measure on Zě1, we can make the
identifications

Y “

!

tanu

ˇ

ˇ

ˇ
an P K and

ÿ8

1
|an| ă 8

)

and
X “

!

tanu

ˇ

ˇ

ˇ
an P K and

ÿ8

1
n|an| ă 8

)

.

(a) – X is properly contained in Y : First note X is contained in Y , since if
ř8

1 n|an| ă

8 then
ř8

1 n|an| ă 8. The containment is proper, since the sequence an “ 1{n2

has tanu8
n“1 P Y ∖X. Hence X Ĺ Y .

– X is a linear subspace of Y : Let tanu, tbnu P X and λ P K. Then for any
N P Zě1,

ÿN

1
n|an ` λbn| ď

ÿN

1
pn|an| ` n|bn|q `

ÿN

1
n|an| `

ÿN

1
n|bn|.

Sending n Ñ 8, we obtain
ÿ8

1
n|an ` λbn| ď

ÿ8

1
n|an| `

ÿ8

1
n|bn| ă 8,
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where the last inequality is because tanu, tbnu P X. Hence tλan ` bnu P X, so
X is a linear subspace.

– X is dense in Y : Since simple functions are dense in Y “ L1pµq, it suffices to
show X contains all simple functions in L1pµq. So let g “ tbnu P L1pµq be a
simple function, that is, g “

řN
1 zjχEj for finitely many Ej P PpZě1q. Note

that there exist at most finitely many n P Zě1 such that bn ‰ 0: indeed, if there
exists k P t1, . . . , Nu such that both zj ‰ 0 and Ek is an infinite set, then

8 “
ÿ8

ℓ“1
ckµpEkq ď

ÿ8

ℓ“1
cℓpEℓq “

ż

g dµ,

contradicting g P L1pµq. Thus
ş

g “
ř8

n“1 n|bn| is a finite sum, and hence is
finite. It follows that g P Y , so Y is dense in X.

(b) – T is not bounded: Fix an arbitrary m P Zě1 and define fmpnq “ 1 if m “ n
and fmpnq “ 0 otherwise. Then

ř

n n|fmpnq| “ n ă 8, so fm P X. But
}Tfm} “

ř

n n|Tfmpnq| “
ř

n n
2|fmpmq| “ m2 “ m}fn}, so }T }op ď m. But m

was an arbitrary nonnegative integer, so }T }op “ 8. Hence T is not bounded.
– T is closed: Suppose fpnq Ñ f in X and Tfpnq Ñ g in Y . We claim Tf “ g.

First fix ε ą 0. By our assumption, for all sufficiently large N we have
ř8

n“N n|fpnq| ă ε{4,
ř8

n“N |gpnq| ă ε{4, }g ´ Tfn} ă ε{4, and }f ´ fn} ă ε
4N

.
Then for all sufficiently large m and N , we have
ÿ8

n“1
|Tfpnq´Tfmpnq| “

ÿN´1

n“1
|nfpnq´nfmpnq|`

ÿ8

n“N
|nfpnq´Tfmpnq|

ă
ÿN´1

n“1
|fpnq ´ fmpnq| ` ε{4 `

ÿ8

n“N
|Tfmpnq ´ gpnq| `

ÿ8

n“N
|gpnq| ă ε,

so Tfn Ñ Tf in L1. Since Tfpnq Ñ g by assumption, we conclude by uniqueness
of limits in a normed (hence Hausdorff) vector space (namely, L1pµq) that
Tf “ g.

(c) Fix f P Y . Then Sfpnq “ n´1fpnq for any n P Zě1, so

}Sf} “
ÿ8

n“1
n´1

|fpnq| ď
ÿ8

n“1
|fpnq| “ }f}.

Thus }S}op ď 1, so S is bounded. And S is surjective, since any tanu P X is the image
under S of the sequence

␣

an
n

(

(since if
ř

n|an| ă 8 then in particular
ř

1
n

|an| ă 8,
meaning tan

n
u P Y ). Lastly, if S were open, then T “ S´1 is continuous, which

contradicts part (b). Thus S is not an open map, as claimed.

Version of April 23, 2024 at 2:04pm EST Page 2 of 40

https://www.greysonwesley.com/home


Greyson C. Wesley Analysis II: Homework 1 January 26, 2024

1.2 Exercise: Folland Exercise 5.32.

Let } ¨ }1 and } ¨ }2 be norms on the vector space X such that } ¨ }1 ď } ¨ }2. If X is
complete with respect to both norms, then the norms are equivalent.

Solution. The linear operator T : pX, }´}2q Ñ pX, }´}1q defined by Tx – x is bounded,
since by hypothesis }Tx}1 “ }x}1 ď }x}2 for all x P X. Since T is a bijection of sets,
T´1 P LppX, }´}1q, pX, }´}2qq by the bounded inverse mapping theorem. Hence there
exists C2 ą 0 such that }x}2 “ }T´1x}2 ď C}x}1. Thus

}x}1 ď }x}2 ď C}x}1

for all x P X, so }´}1 and }´}2 are equivalent.
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1.3 Exercise: Folland Exercise 5.37.

Let X and Y be Banach spaces. If T : X Ñ Y is a linear map such that f ˝ T P X˚

for every f P Y ˚, then T is bounded.

Solution. Suppose xn Ñ x and Txn Ñ y. We claim y “ Tx. On one hand, by continuity
of f we have

lim
nÑ8

f ˝ T pxnq “ f
´

lim
nÑ8

Txn

¯

“ fpyq.

On the other hand, f ˝ T P X˚ by hypothesis, so in particular f ˝ T is continuous; hence

lim
nÑ8

f ˝ T pxnq “ f ˝ T
´

lim
nÑ8

xn

¯

“ f ˝ T pxq.

Thus
fpyq “ f ˝ T pxq for all y P Y ˚. (1.1)

It follows that y “ Tx, since otherwise there exists f P Y ˚ such that fpyq ‰ fpTxq

(since by a corollary to the Hahn-Banach theorem X˚ separates points), contradicting
Equation (1.1). It then follows that the graph of T is closed, so by the closed graph
theorem T is bounded.
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1.4 Exercise: Folland Exercise 5.39.

Let X, Y, Z be Banach spaces and let B : XˆY Ñ Z be a separately continuous
bilinear map; that is, Bpx,´q P LpY, Zq for each x P X, and Bp´, yq P LpX,Zq for
each y P Y . Then B is jointly continuous, that is, continuous from XˆY to Z. 1

Solution. To show B is bounded as a linear map X ˆY Ñ Z, we need to show there
exists a constant C such that }Bpx, yq}Z “ }px, yq}X Ŷ for all px, yq P XˆY .

If X “ Y “ t0u then all bilinear maps XˆY Ñ Z are continuous, so we may assume
one of X and Y is not t0u.

Observe that if x “ 0 or y “ 0 for some px, yq P XˆY such that }px, yq}X Ŷ “ 1, then
}Bpx, 0q}Z “ }0}Z “ 0 ď }px, yq}X “ 1. Thus

}x}X}y}Y ď }px, yq}X Ŷ .

for all x P X and all y P Y , It then suffices to show there exists a constant C such that
}Bpx, yq}Z ď C}x}X}y}Y for all x P X and all y P Y . First note

}Bpx, yq}Z ď }Bp´, yq}op}x}X . (1.2)
Now consider the collection A “ tBp´, yq | y P Y u. By hypothesis A Ă LpX,Zq and
supyPY }Bpx, yq}Z ă 8 for each fixed x P X, so by the uniform boundedness principle

C – supyPY }Bp´, yq}op ă 8.

We then conclude by Equation (1.2) that
}Bpx, yq}Z ď C}x}X}y}Y .
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1.5 Exercise.

Assume that T is a bounded linear map on L2pr0, 1sq with the property that Tf is
continuous on r0, 1s whenever f is continuous on r0, 1s. Prove that the restriction of T
to Cpr0, 1sq is a bounded operator on Cpr0, 1sq, where as usual Cpr0, 1sq is equipped
with the uniform norm.

Solution. We will use the closed graph theorem. Suppose both fn Ñ f and Tfn Ñ g
uniformly. We claim Tf “ g. We first state and prove a useful lemma:

1.6 Lemma.

For all f P Cpr0, 1sq and all real numbers p P r1,8q, }f}Lp ď }f}u, where }´}u is the
sup-norm.

Proof. Since f P Cpr0, 1sq, }f}u is finite. Thus

}f}
p
Lp “

ż 1

0

|f |
p dy ď

ż 1

0

}f}
p
u dy “ }f}

p
u.

Taking the pth root of both sides, we obtain the desired inequality }f}Lp ď }f}u.

Since T P LpL2pr0, 1sq, L2pr0, 1sqq, there exists C ą 0 such that
}Tfn ´ Tf}L2 ď C}fn ´ f}L2 ď C}fn ´ f}u,

where the final inequality is by Lemma 1.6. Since fn Ñ f uniformly, it follows that Tfn Ñ

Tf in L2pr0, 1sq. But also Tfn Ñ g uniformly by assumption, so in particular Tfn Ñ g in
L2pr0, 1sq. And L2pr0, 1sq is Hausdorff as a normed vector space, so by uniqueness of limits
Tf “ g. Thus, by the closed graph theorem, we conclude T P LpCpr0, 1sq, Cpr0, 1sqq.
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3 Homework 2

3.1 Exercise: Folland Exercise 6.7.

If f P Lp X L8 for some p ă 8, so that f P Lq for all q ą p, then }f}8 “ limqÑ8 }f}q.

Solution. First suppose }f}p “ 0. Then 0 “ }f}
p
p “

ş

|f |
p, so |f | “ 0 a.e. This means

}f}
8

“ 0 and }f}q “ 0 for all q, so
}f}

8
“ 0 “ lim

qÑ8
0 “ lim

qÑ8
}f}q,

which affirms the claim.
Now suppose }f}p ą 0. By Folland Proposition 6.10 with r “ 8, for all q ą 0 and all

p P p1, qq we have

}f}q ď }f}
p{q
p }f}

1´p{q
8

.

Taking the limit at q Ñ 8, we obtain
lim
qÑ8

}f}q ď }f}
p{q
p }f}

1´p{q
8

“ }f}
0
p}f}

1´0
8

“ 8,

where we used that the map q ÞÑ }f}
q
p is continuous as a function of q P p0,8q (since }f}p

is nonnegative).
To show the reverse inequality, it suffices to show lim infqÑ8}f}q ď }f}

8
. We can

prove this as follows: Fix n P Zě1 and let
En – tx P X | |f | ě }f}

8
´ 1{nu.

Since µpEnq ą 0 (by definition of }´}
8

), we have

}f}
q
q “

ż

|f |
q

ě

ż

En

|f |
q

ě

ż

En

p}f}
8

´ 1{nq
q

“ µpEnqp}f}
8

´ 1{nq
q.

Taking the qth root of both sides, we obtain
}f}q ě µpEnq

1{q
p}f}

8
´ 1{nq. (3.1)

And µpEnq ă 8, since otherwise 8 “ µpEnq1{qp}f}
8

´ 1{nq ď }f}
q
q, contradicting f P Lq.

Also µpEnq ą 0 (by definition of }´}
8
), so by taking q Ñ 8 we have by Equation (3.1)

that
lim
qÑ8

}f}q ě µpEnq
0
p}f}

8
´ 1{nq “ }f}

8
´ 1{n.

Since n was arbitrary, we conclude limqÑ8}f}q ě }f}
8

, which completes the proof.
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3.2 Exercise: Folland Exercise 6.8.

Suppose µpXq “ 1 and f P Lp for some p ą 0, so that f P Lq for 0 ă q ă p.
(a) log }f}q ě

ş

log |f |. (Use Folland Exercise 3.42(d) with F ptq “ et.)
(b)

`ş

|f |q ´ 1
˘

{q ě log }f}q, and
`ş

|f |q ´ 1
˘

{q Ñ
ş

log |f | as q Œ 0.
(c) limqŒ0 }f}q “ exp

`ş

log |f |
˘

.

Solution.
(a) Here we use the convention logp0q “ ´8 and log8 “ 8. We may assume

ş

log|f | ‰

´8, since otherwise the desired inequality is

log|f |
q

“ q

ż

log|f | “ ´8 ď log}f}q,

which holds irregardless of the value of }f}q. The exponential is convex and µpXq “ 1,
so by Jensen’s inequality (Folland Exercise 3.42(d)), we obtain

exp

ˆ
ż

log|f |
q

˙

ď

ż

expplog|f |
q
q “

ż

|f |
q.

Taking the logarithm of both sides, we deduce

q

ż

log|f | “

ż

log|f |
q

ď log

ż

|f |
q

“ log}f}
q
q “ q log}f}q.

By dividing through by q ą 0, we conclude
ş

log|f | ď log}f}q
(b) Since log x ď x ´ 1 for all x P r0,8s, we have

q log}f}q “ log

ż

|f |
q

ď

ż

|f |
q

´ 1.

Then divide through by q ą 0 to obtain the desired inequality.
It remains to show

`ş

|f |
q

´ 1
˘

{q Ñ
ş

log|f | as q Œ 0. We have χt|f |ě1u
|f |

q
´1
q

ď

χt|f |ě1u
|f |

p
´1
p

P L1, so by the dominated convergence theorem

lim
qŒ0

ż

χt|f |ě1u

|f |
q

´ 1

q
“

ż

lim
qŒ0

χt|f |ě1u

|fpxq|
q

´ 1

q
“

ż

χt|f |ě1u log|f |, (3.2)

where for the second equality we used the limit definition of the logarithm on r0,8s.
On the other hand, by the fundamental theorem of calculus, we have

χt|f |ă1u

|f |
q

´ 1

q
“

ż |f |

1

χt|f |ă1ut
q´1

“

ż 1

|f |

χt|f |ă1ut
q´1,

which increases as q decreases. As everything here is measurable, by the monotone
convergence theorem

lim
qŒ0

ż

χt|f |ă1u

|f |
q

´ 1

q
“

ż

χt|f |ă1u log|f |. (3.3)
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Now by Equations (3.2) and (3.3), we conclude

lim
qŒ0

ż

|f |
q

´ 1

q
“ lim

qŒ0

ż

pχt|f |ă1u ` χt|f |ě1uq
|f |

q
´ 1

q

“

ż

χt|f |ă1u log|f | `

ż

χt|f |ě1u log|f | “

ż

log|f |,

as claimed.
(c) We have

exp

ˆ
ż

log|f |

˙

ď expplog}f}qq ď exp

ˆ
ż

|f |
q

´ 1

˙

{q,

where the first and second inequalities are by parts (a) and (b), respectively. By part
(b) and continuity of the exponential,

exp

ˆ
ż

|f |
q

´ 1

˙

{q Ñ

ż

log|f |

as q Ñ 0. Now by the squeeze theorem for limits, we conclude

lim
qÑ0

}f}q “ exp

ˆ
ż

log|f |

˙

.
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3.3 Exercise: Folland Exercise 6.10.

Suppose 1 ď p ă 8. If fn, f P Lp and fn Ñ f a.e., then }fn ´ f}p Ñ 0 if and only if
}fn}p Ñ }f}p. (Use Folland Exercise 2.20.) In addition, prove or disprove the assertion
in the case p “ 8.

Solution.

(ñ) If ε ą 0 and }fn ´ f}p Ñ 0, then by the triangle inequality }fn}p´}f}p ď }fn ´ f}
8

ă

ε for all sufficiently large n P Zě1, so the forward implication holds. Note that this
argument works for all p P r1,8s.

(ð) Since }fn}p Ñ }f}p, we have }fn}
p
p Ñ }f}

p
p. Setting gn – 2p maxt|fn|

p, |f |
p
u, g –

2p|f |
p

ě 0, hn – 2p|fn ´ f |
p, and h – 0, we observe that

– hn Ñ h a.e.,
– gn Ñ g a.e.,
– gn P L1 since fn, f P Lp implies |fn|

p, |f |
p

P L1 (hence also maxt|fn|
p, |f |

p
u P Lp),

– hn P L1 since by the triangle inequality hn ď 2p maxt|f |
p
n, |f |

p
u “ gn P L1 and

gn,
– |hn| “ |fn ´ f |

p
ď p|fn| ` |f |q

p
ď 2maxt|fn|

p, |f |
p
u ď 2p maxt|fn|

p, |f |
p
u “

gn P L1 (since fn, f P Lp, hence |fn|
p, |f |

p
P L1), and

–
ş

gn “ 2p
ş

maxt|fn|
p, |f |

p
u Ñ 2p

ş

|f |
p

“
ş

g by hypothesis.
We can therefore apply the generalized dominated convergence theorem (Folland
Exercise 2.20) to obtain

2p
ż

|fn ´ f |
p

“

ż

hn Ñ

ż

h “

ż

0 “ 0.

By dividing through by 2p ą 0, we obtain
}fn ´ f}

p
p Ñ 0,

which implies }fn ´ f}p Ñ 0.
The above argument fails in the case p “ 8: if p “ 8, then when the measure

space is pR,L,mq, we have
|}χp´n,nq}8

´ }χR}
8

| “ 0 Ñ 0 as n Ñ 8,

but
}χp´n,nq ´ χR}

8
“ 1 Û 0 as n Ñ 8.
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3.4 Exercise: Folland Exercise 6.12.

Show that for all p P r1,8s∖ t2u, the Lp norm does not arise from an inner product on
Lp, except in trivial cases when dimpLpq ď 1. (Show that the parallelogram law fails.)

Solution. Let pX,M, µq be a measure space. Recall that since dimLp ě 2, there exist
disjoint sets A,B P M of positive finite measure. Then for all p P r1,8q ∖ t2u,

2

›

›

›

›

χA

µpAq1{p

›

›

›

›

p

` 2

›

›

›

›

χB

µpBq1{p

›

›

›

›

p

“ 4 ‰ 41{p
` 41{p

“ p1 ` 1q
2{p

` p1 ` 1q
2{p (since p ‰ 2)

“

ˆ

1

µpAq

ż

|χA|
p

`
1

µpBq

ż

|χB|
p

˙2{p

`

ˆ

1

µpAq

ż

|χA|
p

´
1

µpBq

ż

|χB|
p

˙2{p

“

ˆ
ż

ˇ

ˇ

ˇ

ˇ

χA

µpAq1{p

ˇ

ˇ

ˇ

ˇ

p

`

ż

ˇ

ˇ

ˇ

ˇ

χB

µpBq1{p

ˇ

ˇ

ˇ

ˇ

p˙2{p

`

ˆ
ż

ˇ

ˇ

ˇ

ˇ

χA

µpAq1{p

ˇ

ˇ

ˇ

ˇ

p

´

ż

ˇ

ˇ

ˇ

ˇ

χB

µpBq1{p

ˇ

ˇ

ˇ

ˇ

p˙2{p

“

ˆ
ż

ˇ

ˇ

ˇ

ˇ

χA

µpAq1{p
`

χB

µpBq1{p

ˇ

ˇ

ˇ

ˇ

p˙2{p

`

ˆ
ż

ˇ

ˇ

ˇ

ˇ

χA

µpAq1{p
´

χB

µpBq1{p

ˇ

ˇ

ˇ

ˇ

p˙2{p

(since A X B “ ∅)

“

›

›

›

›

χA

µpAq1{p
`

χB

µpBq1{p

›

›

›

›

2

p

`

›

›

›

›

χA

µpAq1{p
´

χB

µpBq1{p

›

›

›

›

2

p

Hence the parallelogram law fails. And if p “ 8, then with A and B as above we have
2 “ }χA ` χB}

8
` }χA ´ χB}

8
‰ 4 “ 2}χA}

8
` 2}χB}

8
.

Thus for all p P r1,8s ∖ t2u, }´}p does not arise from an inner product.
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3.5 Exercise.

Determine precisely the set of triples pp, q, rq P R3 with 1 ď r ď p, q ď 8 such that the
following holds: if f P LppRnq and g P LqpRnq, then fg P LrpRnq and }fg}r ď }f}p}g}q.
(Here the underlying measure is Lebesgue measure.) Prove your answer.

Solution. We claim the set of triples for which this holds is given by
R –

␣

pp, q, rq P R3 ˇ
ˇ 1{p ` 1{q “ 1{r

(

.

Proof. First suppose pp, q, rq P R, f P LppRnq, and g P LqpRnq.
• Case 1: 1 ď r ď p, q ă 8. Then |f |

r
P Lp{rpRnq and |g|

r
P Lq{rpRnq, so by Hölder’s

inequality |fg|
r

“ |f |
r
|g|

r
P L1pRnq, hence fg P Lr, and

}|fg|
r
}1 ď }|f |

r
}p{r}|g|

r
}q{r.

By raising both sides to the power of 1{r, we obtain

}|fg|
r
}
1{r
1 ď }|f |

r
}
1{r
p{r}|g|

r
}
1{r
q{r, (3.4)

so

}fg}r “

ˆ
ż

|fg|
r

˙1{r

“ }|fg|
r
}
1{r
1

(3.4)
ď }|f |

r
}
1{r
p{r}|g|

r
}
1{r
q{r

“

ˆ
ż

p|f |
r
q
p{r

˙
1

�r
¨ �r
p
ˆ
ż

p|g|
r
q
q{r

˙
1

�r
¨ �r
q

“

ˆ
ż

|f |
p

˙1{pˆż

|g|
q

˙1{q

“ }f}p}g}q.

• Case 2: 1 ď r ď p ă q “ 8 or 1 ď r ď q ă p “ 8. (Without loss of generality take
1 ď r ď p ă q “ 8.) Then 1{r “ 1{p, and since g P L8, there exists a bounded
function g1 such that g1 “ g a.e.; thus |fg1|

p
“ |fg|

p a.e., so

}fg}
p
p “ }fg1

}
p
p “

ż

|fg1
|
p

ď }g1
}
p
8

ż

|f |
p

“ }g1
}
p
8

}f}
p
p ă 8.

Hence fg P Lr p“ Lpq, and by taking the pth root of both sides (and noting that the
right-hand side is just }g}

p
8

}f}
p
p since g “ g1 a.e.), we recover the desired inequality.

• Case 3: p “ q “ r “ 8. Then the claim holds, since if E P Ln is an arbitrary set of
positive measure then our assumptions imply |f |E|, |g|E| ă 8, hence |f |E| ¨ |g|E| “

|fg|E| ă 8, so fg is bounded on E. But E was an arbitrary set of positive measure,
so }fg}

8
ă 8. Thus fg P L8. And the inequality holds, since for a.e. x we have

|fpxqgpxq| ď }f}
8

|gpxq| ď }f}
8

}g}
8
,

so }fg}
8

ď }f}
8

}g}
8

.
Now suppose pp, q, rq P R3 ∖ R.
• Case 1: 1 ď r ď p, q ă 8. If 1{r ą 1{p ` 1{q, but the desired conclusion fails, since

otherwise

21{r
“

›

›

›

›

ˆ

2χB1p0q

µpB1p0qq

˙2›
›

›

›

r

ď

›

›

›

›

2χB1p0q

µpB1p0qq

›

›

›

›

p

›

›

›

›

2χB1p0q

µpB1p0qq

›

›

›

›

q

“ 21{p
¨ 21{q,
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so 1{r ď 1{p ` 1{q, a contradiction. It fails similarly if 1{r ă 1{p ` 1{q, since
otherwise

1

2r
“

›

›

›

›

ˆ

χB1p0q

2µpB1p0qq

˙2›
›

›

›

r

ď

›

›

›

›

χB1p0q

2µpB1p0qq

›

›

›

›

p

›

›

›

›

χB1p0q

2µpB1p0qq

›

›

›

›

q

“
1

2p
¨
1

2q
,

so 21{p`1{q ď 21{r, and hence 1{r ě 1{p ` 1{q, a contradiction.
• Case 2: 1 ď r ď p ă q “ 8 or 1 ď r ď q ă p “ 8. (Without loss of generality take
1 ď r ď p ă q “ 8.) If 1{p ă 1{r, then the desired conclusion fails, since otherwise

µpB1p0qq
1{r

“ }χ2
B1p0q}r ď }χB1p0q}8

}χB1p0q}p “ 1 ¨ µpB1p0qq
1{p,

so 1{r ď 1{p, a contradiction.
Similarly, if 1{p ą 1{r, then the desired conclusion fails, since otherwise

µpB1p0qq
´1{r

“

›

›

›

›

ˆ

χB1p0q

µpB1p0qq

˙2›
›

›

›

r

ď

›

›

›

›

χB1p0q

µpB1p0qq

›

›

›

›

p

›

›

›

›

χB1p0q

µpB1p0qq

›

›

›

›

8

“ µpB1p0qq
´1{p,

so 1{p ď 1{r, a contradiction.
• Case 3: p “ q “ r “ 8. Then the desired conclusion fails, since otherwise

µpB1p0qq “ }pχB1p0qq
2
}r ď }χB1p0q}8

}χB1p0q}8
“ 1 ¨ 1 “ 1,

which fails for all n P Zě1.
We conclude R is precisely the set of triples such that the given statement is true.
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4 Homework 3

4.1 Exercise: Folland Exercise 6.21.

If 1 ă p ă 8, fn Ñ f weakly in ℓppAq if and only if supn}fn}p ă 8 and fn Ñ f
pointwise.

Solution. Now let 1 ă p ă 8, let f P ℓppAq (we may assume this as mentioned on canvas),
and let q1 “ p.

• Suppose fn Ñ f weakly in ℓp and q “ p1. Then in particular the ℓq function χtau has
ÿ

aPA
fnpaqχtau “ fnpaq Ñ fpaq as n Ñ 8,

so fn Ñ f pointwise. For each n, define pfnpgq “
ş

gfn. Since fn Ñ f weakly, the
sequence tznu8

n“1 Ă C given by zn –
ş

gfn converges, and hence is bounded in C.
Then for all g P ℓq,

supn | pfnpgq| “ supn|zn| ă 8,

so
supn }fn}p “ supn } pf} ă 8,

where the final inequality is by the uniform boundedness theorem.
• Conversely, suppose that fn Ñ f pointwise and supn}fn}p ă 8. Fix g P ℓq “ ℓp

1

and ε ą 0. We claim |xg, fny ´ xg, fy| ă ε, where x´, ˚y –
ş

|p´q ¨ p˚q|. Let M “

}f}p ` supn}fn}p. Then M ă 8 by hypothesis, and we may assume M ą 0 (since
otherwise fn, and hence f are 0). Since }g}

q
q “

ř

aPA|gpaq|
q

ă 8, we must have
gpaq “ 0 for all but countably many a P A. Thus we may assume A “ Zě1.

For all k P t1, . . . , K ´ 1u, there exists NK P Zě1 such that for all n ě Nk,
|fnpkq ´ fpkq| ă ε{p2pK ´ 1q|gpkq|q. (If |gpkq| “ 0, then we may ignore the
term |gpkq||fnpkq ´ fpkq| “ 0 in the sum, so this is valid.) Thus, for all n ě

maxtN1, . . . , Nku,
ÿK´1

k“1
|gpkq||fnpkq ´ fpkq| ď

ÿK´1

k“1

ε����
|gpkq|

2pK ´ 1q��
��

|gpkq|
“

ε

2
. (4.1)

On the other hand, since }g}
q
q ă 8, there exists K ě 2 such that for all sufficiently

large n,

}χA1g}
q
q “

ÿ8

k“K
|gpkq|

q
ă

´ ε

2M

¯q

.

Then, respectively, by Hölder’s inequality and the triangle inequality, for all sufficiently
large n,

ÿ8

k“K
|gpkq||fnpkq ´ fpkq| ď }fn ´ f}p}χA1g}q ď M

ε

2M
“

ε

2
. (4.2)
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Thus
|xg, fn ´ fy| “

ÿ8

k“1
|gpkq||fnpkq ´ fpkq|

“
ÿK´1

k“1
|gpkq||fnpkq ´ fpkq|

ăε{2 by (4.1)

`
ÿ8

k“K
|gpkq||fnpkq ´ fpkq|

ăε{2 by (4.2)

ă ε,

so fn Ñ f weakly.
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4.2 Exercise: Folland Exercise 6.30.

Let K : p0,8q Ñ r0,8q such that ϕpsq –
ş8

0
Kpxqxs´1dx ă 8 for all 0 ă s ă 1.

(a) Prove that for 1 ă p ă 8,
ĳ

p0,8q2

Kpxyqfpxqgpyqdxdy ď ϕ

ˆ

1

p

˙ˆ
ż 8

0

xp´2fpxq
pdx

˙1{pˆż 8

0

gpxq
qdx

˙1{q

,

where q “ p1, and f, g P L`pp0,8qq.
(b) The operator Tfpxq “

ş8

0
Kpxyqfpyqdy is bounded on L2pp0,8qq with norm

ď ϕ
`

1
2

˘

. (Interesting special case: If Kpxq “ e´x, then T is the Laplace transform
and ϕpsq “ Γpsq.)

Solution.
(a) The integrand of the left-hand side is a nonnegative measurable function (since f , g,

and K are), so we can apply Tonelli’s theorem below:
ż 8

0

ż 8

0

Kpxyqfpxqgpyq dx dy “

ż 8

0

ż 8

0

Kpzq
fpz{yq

y
gpyq dz dy (z – xy, dx “ dz{y)

“

ż 8

0

Kpzq

ż 8

0

fpz{yq

y
gpyq dy dz

“

ż 8

0

Kpzqϕg

ˆ

y ÞÑ
fpz{yq

y

˙

dz

ď

ż 8

0

Kpzq

›

›

›

›

y ÞÑ
fpz{yq

y

›

›

›

›

p

}g}q dy dz

“

ż 8

0

Kpzq

ˆ
ż 8

0

fpwqp

pz{wqp

´z

w2
dw

˙1{pˆż 8

0

gpyq
p dy

˙1{q

dz

(substituting w – z{y, dy “ ´z dw{w2)

“

ż 8

0

Kpzqz´1`1{p

ˆ
ż 8

0

fpwq
pwp´2 dw

˙1{pˆż 8

0

gpyq
p dy

˙1{q

dz.

Since
ş8

0
Kpzqz1{p´1 “ ϕp1{pq by definition, the desired inequality follows.

(b) Now consider p “ q “ 2 and define T : L2pp0,8qq Ñ L2pp0,8qq by fpxq ÞÑ
ş8

0
Kpxyqfpyq dy. Then T is linear, and T is bounded since for all f P L2pp0,8qq,

}Tf}
2
2 “

ż

|Tfpyq|
2 dy

“

ż

ˇ

ˇ

ˇ

ˇ

ż

Kpxyqfpxq dx

ˇ

ˇ

ˇ

ˇ

2

dy

ď

ż
ˆ
ż

Kpxyq|fpxq| dx

˙2

dy ď ϕ

ˆ

1

2

˙2 ż

x0
|fpxq|

2dx “ ϕ

ˆ

1

2

˙2

}f}
2
2.

where the last inequality is by part (a). Since f P L2pp0,8qq, this shows Tf P
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L2pp0,8qq, so T is indeed a linear map L2pp0,8qq Ñ L2pp0,8qq, and moreover that
T is bounded and }Tf}2 ď ϕ

`

1
2

˘

}f}2, which implies }T } ď ϕp1{2q, as claimed.
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4.3 Exercise: Folland Exercise 6.36.

If f P weakLp and µpt|f | ‰ 0uq ă 8, then f P Lq for all q ă p. On the other hand, if
f P pweakLpq X L8, then f P Lq for all q ą p.

Solution. Suppose f P weakLp, 0 ă q ă p, and µpt|f | ‰ 0uq ă 8. Define

En –

#

t0 ă |f | ď 1u if n “ 0,

t2n´1 ă |f | ď 2nu if n P Zě1.

Then |f | “
ř8

n“0 χEn |f |, so

}f}
q
q “

ż

|f |
q

ď

ż

ˇ

ˇ

ˇ

ÿ8

n“0
2nχEn

ˇ

ˇ

ˇ

q

ď

ż

ÿ8

n“0
2nqχEn (by the triangle inequality)

“
ÿ8

n“0
2nqµpEnq (by the monotone convergence theorem for series)

“ µpE0q `
ÿ8

n“1
2nqλf p2n´1

q (since En Ă t|f | ą 2n´1u and isolating µpE0q)

“ µpE0q `
ÿ8

n“1
2nqλf p2n´1

q (since rf spp ě 2pn´1qpλf p2n´1q by definition of rf sp)

“ µpE0q `
ÿ8

n“1
2nq´pnp´pq

rf s
p
p,

“ µpE0q `

ˆ

rf sp

2

˙p
ÿ8

n“1
p2nq

q´p,

which is finite since E0 Ă t|f | ‰ 0u—which by hypothesis has finite measure—and the
infinite sum is a geometric series with ratio 2q´p P p´1, 1q since q ă p, and thus converges.

Now instead suppose f P pweakLpq X L8 and p ă q ă 8. Since f is already L8, we
can assume q ă 8. Define

En –

#

t|f | ą 1u if n “ 0,

t 1
2n

ă |f | ď 1
2n´1 u if n P Zě1.

Computing similarly to before, we have
ż

|f |
q

ď

ż

´

ÿ8

n“0
p21´n

q
qχEn

¯

“ }f}
q
8µpE0q `

ÿ8

n“1
2q´nqµpEnq

ď }f}
q
8λf p1q `

ÿ8

n“1
2q´nqλf p2´n

q

ď }f}
q
8rf s

p
p `

ÿ8

n“1
2q´nq`np

rf s
p
p,

which again is finite for the same reasons as before. Thus f P Lq for all p ă q ď 8.
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4.4 Exercise.

The “uncentered” maximal function ĂMf is defined by pĂMfqpxq “

supxPB
1

mpBq

ş

B
|fpyq|dy where the supremum is taken over all balls containing

x (not only those balls centered at x). Here m denotes Lebesgue measure on Rn.
(a) Obviously pMfqpxq ď pĂMfqpxq. Show that there exists a constant c (depending

only on the dimension) such that pĂMfqpxq ď cpMfqpxq.
(b) Determine explicitly the function ĂMpχr0,1sq.
(c) It will be shown in class that M and ĂM are bounded operators on LppRnq for

1 ă p ď 8. Does there exist a pair pp, qq with 1 ă p, q ă 8 and p ‰ q such that
M or ĂM is a bounded operator from LppRnq to LqpRnq?

Solution.
(a) Fix x P Rn, let S be the collection of open balls containing x, let T be the collection

of open balls centered at x, and for all Lebesgue measurable subsets E of Rn define

AE|f | –
1

mpEq

ż

E

|fpyq| dy.

Since T Ă S,
Mfpxq “ supEPT AE|f | ď supEPS AE|f | “ ĂMfpxq.

For the other inequality, let Br be any ball containing x of radius r. Then B Ă B2rpxq,
so

1

mpBrq

ż

Br

|fpyq| dy ď
mpB2rpxqq

mpBrq

1

mpB2rpxqq

ż

B2rpxq

|fpyq|dy ď 2nMfpxq

Since B was any ball containing x, by taking the supremum over all such balls of all
radii we obtain

ĂMfpxq ď 2nMfpxq.

(b) If B P S, then B “ pa, bq for some a, b P R such that a ă x ă b, so

ABχr0,1spxq “
1

b ´ a

ż

pa,bq

χr0,1spyq dy “

$

’

&

’

%

1 if pa, bq Ă r0, 1s,
mppa,bqXr0,1sq

b´a
if pa, bq X r0, 1s ‰ ∅ and pa, bq ­Ă r0, 1s,

0 if pa, bq X r0, 1s “ ∅.

We now break into cases:
– If x P p0, 1q then we can choose a, b such that 0 ă a ă x ă b ă 1, in which case

ĂMχr0,1spxq “ 1.
– If x “ 0 (resp. x “ 1) then by considering the sequence of open intervals

tEn “ p´1{n, 1qu8
n“1 (resp. tEn “ p0, 1 ` 1{nqu8

n“1), we see ĂMχr0,1spxq “

limnÑ8 AEnχr0,1spxq “ 1, so ĂMχr0,1spxq “ 1 if x P t0u Y t1u.
– If x ă 0, then for a fixed point q P r0, 1s and the sequence tEn “ px´1{n, qqu8

n“1,
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we have

AEnχr0,1spxq “
mppx ´ 1{n, qq X r0, 1sq

q ´ x ` 1{n
“

q

q ´ x ` 1{n
,

which tends to q{pq ´ xq as n Ñ 8. As a function of q P r0, 1s, q{pq ´ xq is
increasing to 1. Thus by taking q “ 1 and the open sets tEn “ px ´ 1{n, q `

1{nqu8
n“1, we conclude that when x ă 0, ĂMχr0,1spxq “ limqÕ1AEnχr0,1spxq “

limqÕ1 q{pq ´ xq “ 1{p1 ´ xq.
– If x ą 1, then by arguing similarly we obtain ĂMχr0,1spxq “ 1{x if x ą 1.

We conclude

ĂMχr0,1spxq “

$

’

&

’

%

1 if 0 ď x ď 1,

1{p1 ´ xq if x ă 0,

1{x if x ą 1.

(c) No. By part (a) M is bounded if and only if ĂM is, so it suffices to prove M is not
bounded as a map LppRnq Ñ LqpRnq. Consider an arbitrary t P p0,8q and consider
the open cube p0, tqn Ă Rn. For any x P Rn, we have

}Mχp0,tqn}
q
q “

ż

Rn

|Mχp0,tqnpxq|
q dx “

ż

Rn

ˇ

ˇ

ˇ

ˇ

suprą0

1

mpBrpxqq

ż

Brpxq

χp0,tqnpyq dy

ˇ

ˇ

ˇ

ˇ

q

dx

“

ż

Rn

ˇ

ˇ

ˇ

ˇ

suprą0

mpBrpxq X p0, tqnq

mpBrpxqq

ˇ

ˇ

ˇ

ˇ

q

dx “

ż

χp0,tqnpxq dx “ mpp0, tqnq,

so }Mχp0,tqn}q “ mpp0, tqnq1{q “ tn{q. On the other hand, for an arbitrary constant
C,

C}χp0,tqn}p “ Cmpp0, tqnq
1{p

“ Ctn{p.

If M were bounded as an operator LppRnq Ñ LqpRnq, then there exists a constant C
such that for all t P p0,8q, tn{q ď Ctn{p, or equivalently, such that

tnp 1
q

´ 1
p

q
ď C.

But this cannot be true at all t P p0,8q since p, q, n are fixed; by choosing sufficiently
small t when 1{p ą 1{q or sufficiently large t (when 1{p ă 1{q), this fails. Thus M ,
hence also ĂM , is unbounded as an operator LppRnq Ñ LqpRnq.
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5 Homework 4

5.1 Exercise: Folland Exercise 6.41.

Suppose 1 ă p ď 8 and p´1 ` q´1 “ 1. If T is a bounded linear operator on Lp such
that

ş

pTfqg “
ş

fpTgq for all f, g P Lp X Lq, then T extends uniquely to a bounded
operator on Lr for all r in rp, qs (if p ă q) or rq, ps (if q ă p). If p “ 8, further assume
that µ is semifinite.

Solution. Let p P p1,8s, let q “ pp´ 1q{p, let Σ be the set of simple functions that vanish
outside a set of finite measure, and let r lie in the closed interval between p and q.

5.2 Claim. T maps Lp X Lq into Lq and is bounded as a map Lp X Lq Ñ Lq.

Proof. Let f P Lp X Lq. Then Tf P Lp by hypothesis. Thus if p ă 8 then |Tf |
p

P L1

(since Tf P Lp), so t|Tf |p ‰ 0u “ tTf ‰ 0u is σ-finite by Folland Proposition 2.23(a). On
the other hand, if p “ 8 then µ is semifinite by hypothesis. In either case, it follows from
Folland Theorem 6.14 that

}Tf}q “ sup

"
ˇ

ˇ

ˇ

ˇ

ż

gpTfq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

g P Σ and }g}p “ 1

*

, (5.1)

so it suffices to show the right-hand side is finite. To that end, suppose g P Σ and }g}p “ 1.
We have g P Lq since g P Σ, so in particular g P Lp X Lq. Then

ˇ

ˇ

ˇ

ˇ

ż

gpTfq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

fpTgq

ˇ

ˇ

ˇ

ˇ

(by our hypothesis on T )

ď }f}p}Tg}q (by Hölder’s inequality)
ď }f}p}T }LpÑLp}g}p

ď }f}p}T }LpÑLp (since }g}p “ 1).
Our above estimate is independent of our choice of g, so by Equation (5.1)

}Tf}q ď }T }LpÑLp}f}p.

Thus T maps Lp X Lq into Lq and is bounded as a map pLp X Lq, }´}pq Ñ pLq, }´}qq.

5.3 Claim. The map
rT : Lp

` Lq
ÝÑ Lp

` Lq,

f ` g “ h ÞÝÑ rTg – Tf ` lim
nÑ8

Tgn,

where tgnu8
n“1 Ă Lp X Lq and gn Ñ g in Lq, is a well-defined bounded linear operator.

Proof.
• rT is well-defined: Let g P Lp `Lq. Since Lp XLq is dense in Lp `Lq (because Lp XLq

contains Σ, which is a dense subset in both Lp and Lq), such an approximating
sequence tgnu8

n“1 as in the claim exists in Lp X Lq.
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Next we show rT is independent of the choice of sequence tgnu8
n“1 Ă Lp X Lq.

Since tgnu8
n“1 is Cauchy in Lq and T is bounded as a map Lp X Lq Ñ Lq by the first

claim,
}Tgn ´ Tgm}q “ }T pgn ´ gmq}q ď }T }LpÑLq}gn ´ gm}q Ñ 0

as n,m Ñ 8. By uniqueness of the limit (as Lq is a Banach space), we conclude rTg
is independent of the choice of approximating sequence sequence.

• rT is linear: We are given rT is linear on Lq, so it suffices to show linearity on Lp.
Suppose g, g1 P Lp X Lq, α P C, tgnu8

n“1, tg1
nu8

n“1 Ă Lp X Lq, and gn Ñ g, g1
n Ñ g1 in

Lq. Then
rT pαg ` g1

q “ lim
nÑ8

T pαg ` g1
q

“ lim
nÑ8

pαTgn ` Tg1
nq (by linearity of T )

“ α lim
nÑ8

Tgn ` lim
nÑ8

Tg1
n (by linearity of limits that exist)

“ αrTg ` rTg1 (by definition of rT ).
Hence rT is linear.

• rT is bounded as a map Lq Ñ Lq: Let g P Lq and let tgnu8
n“1 Ă Lp X Lq such that

gn Ñ g in Lq. Since q ă 8 by hypothesis, we can write

}rTg}
q
q “

ż

|rTg|
q

“

ż

ˇ

ˇ

ˇ
lim
nÑ8

Tgn

ˇ

ˇ

ˇ

q

“

ż

lim
nÑ8

|Tgn|
q (by continuity of R Q x ÞÑ |x|

q
P R)

ď lim infnÑ8}Tgn}
q
q (by Fatou’s lemma)

ď }T }
q
LpÑLq lim infnÑ8}gn}

q
q

(since T is bounded as an operator Lp X Lq Ñ Lq)
“ }T }

q
LpÑLq lim

nÑ8
}gn}

q
q

(since limnÑ8}gn}
q
q exists, hence equals the liminf; see below)

“ }T }
q
LpÑLq}g}

q
q.

The penultimate equality here follows from the fact gn Ñ g in Lq, since for all ε ą 0
and all sufficiently large n,

}gn}q ď }g}q ` }gn ´ g}q ă }Tg}q ` ε ă 8;

taking the qth power, we obtain }gn}
q
q ď p}g}q ` εq

q
ă 8, so limnÑ8}gn}

q
q “ }g}

q
q.

5.4 Claim. rT is the unique bounded operator on Lr for all r in the interval rp, qs (if
p ă q) or rq, ps (if q ă p) that extends T .

Proof. Since rT is strong type pp, pq and strong type pq, qq, by the Riesz–Thorin theorem
rT is strong-type pr, rq for all r in the interval rp, qs (if p ă q) or rq, ps (if q ă p). To see
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rT is the unique such extension, suppose S is another such extension of T . We can write
each h P Lr as a sum h “ f ` g for some f P Lp and g P Lr, so

Sh “ Spf ` gq “ Sf ` Sg “ rTf ` rTg “ rTh

since because S is an extension we have Sf “ rTf for all f P Lp and Sg “ rTg for all
g P Lq. Thus S “ rT , so the extension is unique.
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5.5 Exercise: Folland Exercise 6.42.

Prove the Marcinkiewicz theorem in the case p0 “ p1. (Setting p “ p0 “ p1, we have
λTf pαq ď pC0}f}p{αq

q0 and λTf pαq ď pC1}f}p{αq
q1 . Use whichever estimate is better,

depending on α, to majorize q
ş8

0
αq´1λTf pαqdα.)

Proof. Suppose that pX,M, µq and pY,N, νq are measure spaces; p, q0, q1 P r1,8s and
p ď q0, q1, and q0 ‰ q1; and

1

q
“

1 ´ t

q0
`

t

q1
, where 0 ă t ă 1.

Let T : Lppµq Ñ L0pνq be2 a sublinear map of weak types pp, q0q and pp, q1q. We claim
T is strong type pp, qq. More precisely, suppose rTf sqj ď Cj}f}p for j “ 0, 1. We claim
}Tf}q ď Bp}f}p where Bp depends only on p, qj, and Cj in addition to p.

Then for α ą 0 we have the estimates
λTf pαq ď pC0}f}p{αq

q0 and λTf pαq ď pC1}f}p{αq
q1 ,

so we obtain the estimate

}Tf}
q
q “

ż

|Tf |
q

“ q

ż 8

0

αq´1µt|Tf | ą αu dα

“ q

ż }f}p

0

αq´1µt|Tf | ą αu dα ` q

ż 8

}f}p

αq´1µt|Tf | ą αu dα

ď q

ż }f}p

0

αq´1

ˆ

C0}f}p

α

˙q0

dα ` q

ż 8

}f}p

αq´1

ˆ

C1}f}p

α

˙q1

dα

ď qCq0
0 }f}

q0
p

ż }f}p

0

αq´q0´1 dα ` qCq1
1 }f}

q1
p

ż 8

}f}p

αq´q1´1 dα

ď qCq0
0 }f}

q0
p

„

αq´q0

q ´ q0

ȷα“}f}p

α“0

` qCq1
1 }f}

q1
p

„

αq´q1

q ´ q1

ȷα“8

α“}f}p

.

“

ˆ

qCq0
0 }f}

q0
p }f}

q´q0

q ´ q0

˙

´

ˆ

qCq1
1 }f}

q1
p }f}

q´q1
p

q ´ q1

˙

“

ˆ

qCq0
0

q ´ q0
`

qCq1
1

q1 ´ q

˙

}f}
q
p.

Thus T is strong type pp, qq, as claimed, and moreover Bp –

´

qCq0
0

q´q0
`

qCq1
1

q1´q

¯1{q

depends
only on qj and Cj for j “ 0, 1.
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5.6 Exercise: Folland Exercise 6.45, Altered.

The following concerns Folland Exercise 6.45, which reads as follows:

If 0 ă α ă n, define an operator Tα on functions on Rn by

Tαfpxq –

ż

|x ´ y|
´αfpyq dy

Then Tα is weak type p1, pn ´ αq´1q and strong type pp, rq with respect
to Lebesgue measure on Rn, where 1 ă p ă nα´1 and r´1 “ p´1 ´ αn´1.
(The case n “ 3, α “ 1 is of particular interest in physics: If f represents
the density of a mass or charge distribution, ´p4πq´1T1f represents the
induced gravitational or electrostatic potential.)

The following aims to correct this exercise.
(a) Use a scaling argument to show that the exercise is incorrect as stated.
(b) Replace the exponent ´α in the definition of with ´n ` α in the question. Prove

that (this version of) Tα is weak type p1, 1pn´αq´1q and strong type pp, rq under
the conditions on α, p, and r as stated in the exercise. Hint: First show that Tα

is of weak type pp, rq.

Solution.
(a) Suppose for a contradiction Tα is strong type pp, rq, so that }Tα}LpÑLr ă 8. Now fix

ε ą 0. Since }Tα}LpÑLr “ supt}Tαf}r | }f}p “ 1u ă 8, there exists f P Lp such that
}f}p “ 1 and

}Tαf}r ą p1 ´ εq}Tα}LpÑLr (5.2)
For each b P Rą0 define gb : Rn Ñ C by

gbpxq “ fpbxq.

Then gbpxq P Lp and for a fixed b P Rą0 be fixed. We have

}gb}
p
p “

ż

|gbpxq|
p dx “

1

bnp

ż

|fpxq|
p dx “

1

bnp
,

so }gb}p “ 1{bn. And for each x P Rn, we have

Tαgbpxq “

ż

|x ´ y|
´αfpbyq dy

“ b´n

ż

|x ´ y{b|´αfpyq dy (substitute by ÞÑ y)

“ b´n

ż

ˇ

ˇ

ˇ

ˇ

bx ´ y

b

ˇ

ˇ

ˇ

ˇ

´α

fpyq dy “ bα´n

ż

|bx ´ y|
´αfpyq dy,
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so

}Tαgb}
r
r “ brpα´nq

ż

ˇ

ˇ

ˇ

ˇ

ż

|bx ´ y|
´αfpyq dy

ˇ

ˇ

ˇ

ˇ

r

dx

“ brpα´nq

ż

ˇ

ˇ

ˇ

ˇ

b´n

ż

|x ´ y|
´αfpyq dy

ˇ

ˇ

ˇ

ˇ

r

dx (substitute bx ÞÑ x)

“ brpα´2nq

ż

|Tαfpxq|
r dx “ brpα´2nq

}Tαf}
r
r.

Thus

bα´n
}Tαf}r “

bα´2n}Tαf}r

b´n
“

}Tαgb}r
}gb}p

ď }Tα}LpÑLr .

Therefore, since 0 ă α ă n and in particular α ‰ n, we can choose f P Lp and b ą 0
sufficiently large such that the left-hand side is strictly larger than the right-hand
side (since otherwise Tα is the zero operator, contrary to the given definition of Tα),
which contradicts the assumed boundedness of T on Lp. It follows that Folland
Exercise 6.45 is incorrect as stated.

(b) Define K : RnˆRn Ñ C by
Kpx, yq – |x ´ y|

´α.

Then K is mˆm-measurable, and for each x P Rn and β ą 0 we have
λKpx,´qpβq “ mpty P Rn

| |x ´ y|
´α

ą βuq

“ mpty P Rn
| |x ´ y| ă β´1{α

uq

ď mpBβ´1{αpxqq

Since the measure of a ball of radius r in Rn is a scalar multiple of the radius to the
power of n, there exists C ą 0 such that for all x P Rn and all β ą 0,

mpBβ´1{αpxqq “ C β´n{α

and thus
βn{αλKpx,´qpβq ď βn{αmpBβ´1{αpxqq “ β´n{αβn{αC “ C.

Thus, by taking the 1{pn{aqth power of both sides and taking the supremum over all
β P Rą0, we obtain for all x P Rn that

rKpx,´qsq “ supqą0pβ
qλKpx,´qpβqq

1{q
ď C1{q.

Arguing identically (but replacing Kpx,´q with Kp´, yq and x with y), there exists
C 1 ą 0 such that rKp´, yqsq ď C 11{q for all y P Rn. Now replacing C with the
maximum of C1{q, C 11{q, the result then follows immediately from Folland Theorem
6.36.
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5.7 Exercise: Folland Exercise 8.4.

If f P L8 and }τyf ´ f}
8

Ñ 0 as y Ñ 0, then f agrees a.e. with a uniformly continuous
function. (Let Arf be as in Folland Theorem 3.18. Then Arf is uniformly continuous
for r ą 0 and uniformly Cauchy as r Ñ 0.)

Solution. The statement of Exercise 5.7 follows immediately from the following points:
(i) A1{nfpxq Ñ fpxq a.e. as n Ñ 8.
(ii) For all n P Zě1, A1{nfpxq is uniformly continuous as a function of x P Rn.
(iii) The sequence tA1{nfu8

n“1 is uniformly Cauchy.
(iv) If tfn : Rn Ñ Cu8

n“1 is a uniformly Cauchy sequence of uniformly continuous functions,
then limnÑ8 fn is uniformly continuous.

Proof of (i). This is just Folland Theorem 3.18 since L8 functions are L1
loc.

Proof of (ii). Let n P Zě1. Fix ε ą 0. It suffices to show }τyArf ´ Arf}u Ñ 0 as y Ñ 0.
For any x, we have

|τyA1{nfpxq ´ A1{nfpxq| “
1

mpBrp0qq

ˇ

ˇ

ˇ

ˇ

ż

Brpx´yq

|fpzq| dz ´

ż

Brpxq

|fpzq| dz

ˇ

ˇ

ˇ

ˇ

“
1

mpBrp0qq

ˇ

ˇ

ˇ

ˇ

ż

Brpx´yq

|fpzq| dz ´

ż

Brpx´yq

|fpz ´ yq| dz

ˇ

ˇ

ˇ

ˇ

(substitute z ÞÑ z ´ y)

ď
1

mpBrp0qq

ż

Brpx´yq

|τyfpzq ´ fpzq| dz

ď
1

mpBrp0qq

ż

Brpx´yq

}τyf ´ f}
8
dz

(since |τyfpzq ´ fpzq| ď }τyf ´ f}
8

for a.e. z P Rn)
“ }τyf ´ f}

8
.

Taking the supremum of both sides over all x P Rn, we obtain
}τyA1{nf ´ A1{nf}u ď }τyf ´ f}

8
.

Since }τyf ´ f}
8

Ñ 0 as y Ñ 0 by hypothesis, we conclude A1{nf is uniformly continuous.

Proof of (iii). We claim }A1{nf ´ A1{mf}u Ñ 0 as m,n Ñ 8. Fix ε ą 0. Since A1{n By
Folland Lemma 3.16, Arf is a continuous function of r P Rą0; thus A1{nf ´ A1{mf is
continuous for all n,m P Zě1, so its supremum norm equals its infinity norm. Hence

}A1{nf ´ A1{mf}u “ }A1{nf ´ A1{mf}
8

ď }A1{nf ´ f}
8

` }A1{mf ´ f}
8
. (5.3)

Where n P Zě1, we have

}A1{nf ´ f}
8

“

›

›

›

›

x ÞÑ
1

mpB1{npxqq

ż

B1{npxq

|fpyq| dy ´ fpxq

›

›

›

›

8
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ď

›

›

›

›

x ÞÑ
1

mpB1{npxqq

ż

B1{npxq

|fpyq ´ fpxq| dy

›

›

›

›

8

(by the triangle inequality)

ď

›

›

›

›

x ÞÑ
1

mpB1{npxqq

ż

B1{np0q

|τyfpxq ´ fpxq| dy

›

›

›

›

8

ď
1

mpB1{npxqq

ż

B1{np0q

}x ÞÑ |τyfpxq ´ fpxq|}
8
dy

ď
1

mpB1{npxqq

ż

B1{np0q

}τyf ´ f}
8
dy,ÝÑ 0 as n Ñ 8

where we used Minkowski’s inequality for integrals (Folland Theorem 6.19) since τyf ´ f P

L8 for a.e. y P Rn and ry ÞÑ }τyf ´ f}ps P L1.
Thus both terms on the right-hand side of Equation (5.3) tend to 0 as m,n Ñ 8, so

tA1{nfu8
n“1 is uniformly Cauchy.

Proof of (iv). Fix ε ą 0 and g “ limnÑ8 fn. Then for all sufficiently large n,
|fnpxq ´ gpxq| ă ε{3. Since each fn is uniformly continuous, there exists δ ą 0 such
that |fnpxq ´ fnpyq| ă ε{3 whenever |x ´ y| ă δ. Thus, for any x, y such that |x ´ y| ă δ
and all sufficiently large n, we have

|gpxq ´ gpyq| ď |gpxq ´ fnpxq| ` |fnpxq ´ fnpyq| ` |fnpyq ´ gpyq|

ă ε{3 ` ε{3 ` ε{3 “ ε,

so g is uniformly continuous.
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6 Homework 5

Folland Exercise 8.13.

Let fpxq “ 1
2

´ x on the interval r0, 1q, and extend f to be periodic on R.
(a) pfp0q “ 0, and pfpκq “ p2πiκq´1 if κ ‰ 0.
(b)

ř8

1 k´2 “ π2{6. (Use Parseval’s identity.)

Solution.
(a) First note f P L2pTq, since

}f}
2
2 “

ż

T
|fpxq|

2 dx “

”x

4
´

x2

2
`

x3

3

ıx“1

x“0
“

1

12
. (6.1)

We have

pfp0q “

ż

T
fpxqe´2πi0¨x dx “

ż 1

0

fpxq “
1

2
´

”x2

2

ıx“1

x“0
“ 0,

and if k P Z ∖ t0u,

pfpkq “

ż

T

ˆ

1

2
´ x

˙

e´2πikx dx “

ż 1

0

1

2
e´2πikx dx ´

ż 1

0

xe´2πikx dx

“
´1

4πik
´

„

x

´2πike´2πikx

ȷx“1

x“0

`
´1

2πik

ż 1

0

e´2πikx dx

“
´1

4πik
´

´1

2πik
`

1

4πik
“

1

2πik
.

(b) By part (a) | pfpkq|
2

“ 1{p4π2k2q, so by Plancherel’s theorem
ÿ8

k“1

1

k2
“ 4π2

ÿ8

k“0
| pfpkq|

2
“ 2π2

ÿ

kPZ
| pfpkq|

2
“ 2π2

}f}
2
2

(6.1)
“

π2

6
.
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Folland Exercise 8.15.

Fix a ą 0. Define sinc 0 “ 1 and sincx “ psin πxq{πx for x P R∖ t0u.
(a) pχr´a,aspxq “ χ_

r´a,aspxq “ 2a sinc 2ax.
(b) Let

ℋa – tf P L2
| pfpξq “ 0 a.e. whenever |ξ| ą au.

Then ℋa is a Hilbert space and
␣?

2a sincp2ax ´ kq
ˇ

ˇ k P Z
(

is an orthonormal
basis for ℋa.

(c) (The sampling theorem). If f P ℋa, then f P C0 (after modification on a null set),
and fpxq “

ř8

´8
fpk{2aq sincp2ax´kq, where the series converges both uniformly

and in L2.3

Solution.
(a) We have

pχr´a,aspξq “

ż a

´a

e´2πiξx dx “
´1

2πiξ
pe´2πiξa

´ e2πiξaq “
sinp2πaξq

πξ
“ 2a sincp2aξq

and, by changing variables x ÞÑ ´x in the integrand of χ_
r´a,aspξq, we find

χ_
r´a,aspξq “

ż a

´a

e2πiξx “ ´

ż ´a

a

e´2πiξx dx “

ż a

´a

e´2πiξx dx “ χ^
r´a,aspξq.

(b) ℋa is a linear subspace: If f, g P ℋa and λ P C, then for all |ξ| ą a we have
pfpξq “ pgpξq “ 0, so

pf ` λgq
^

pξq “ pfpξq ` λpgpξq “ 0 ` λ0 “ 0.

Thus f ` λg P ℋa, so ℋa is a linear subspace of L2.
ℋa is closed: Suppose tfnu8

n“1 Ă ℋa and }fn ´ f}2 Ñ 0. Since the Fourier
transform is unitary on L2 (hence an isometry), } pfn ´ pf}2 Ñ 0, that is, fn Ñ f in
L2. Thus there exists a subsequence pfnk Ñ pf pointwise a.e., so for a.e. x P R, we
have for |ξ| ą a

pfpξq “ lim
kÑ8

pfnkpxq “ lim
kÑ8

0 “ 0.

Thus f P ℋa, so ℋa is a closed linear subspace of the Hilbert space L2, and thus ℋa

is a Hilbert space.
Now for k P Z and x P R, define ζkpxq –

?
2a sincp2ax ´ kq. We claim tζkukPZ is

an orthonormal basis of ℋa. We first show tζkukPZ Ă ℋa. For any k P Z,

ζkpxq “
?
2a sincp2ax ´ kq “

1
?
2a

p2a sincp2apx ´ k{2aqqq
(a)
“

1
?
2a

χ_
r´a,aspx ´ k{2aq.

(6.2)
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Taking the Fourier transform, we obtain

ζ^
k pξq “

1
?
2a

pτk{2aχ
_
r´a,asq

^
pξq “

e´2πiξpk{2aq

?
2a

pχ_
r´a,asq

^
pξq “

e´2πipk{2aqξ

?
2a

χr´a,aspξq,

(6.3)
where for the last equality we used χr´a,as P L2 and that the Fourier transform is a
unitary isomorphism on L2. In particular, Equation (6.3) shows both that ζk P L2

(since its Fourier transform is) and that pζkpξq “ 0 whenever |ξ| ą a, so ζk P ℋa.
tζkukPZ is an orthonormal set in ℋa: Since the Fourier transform is a unitary

operator L2 Ñ L2, we have for all k P Z that

xζk|ζky “ xζ^
k |ζ^

k y “
1

2a

ż a

´a

e2πipk´kqξ dξ “
1

2a

ż a

´a

1 dξ “ 1,

and if ℓ P Z ∖ tku,

xζk|ζℓy “ xζ^
k |ζ^

ℓ y
(6.3)
“

1

2a

ż

e´2πipk{2aqξχr´a,aspξqe´2πiξpℓ{2aqχr´a,aspξq dξ

“
1

2a

ż a

´a

e2πiξp
k´ℓ
2a q dξ “

1

2a

ˆ

2a

2πipk ´ ℓq
peπipk´ℓq

´ eπipℓ´kq
q

˙

“
sinpπpk ´ ℓqq

2πipk ´ ℓq
“ 0.

Thus tζkukPZ is an orthonormal set in ℋa.
tζkukPZ is a basis of ℋa: Suppose f P ℋa satisfies xf |ζky “ 0 (and hence also

xf^|ζ^
k y “ 0) for all k P Z. Then for each k P Z,

0 “

ż

f^
pξqζ^

k pξq dξ
(6.3)
“

1
?
2a

ż a

´a

f^
pξqe2πipk{2aqξ dξ

“
1

?
2a

ż 1{2

´1{2

f^
pη{2aqe2πikη dη “

?
2a

ż

T
f^

p´η{2aqEkpηq dη “
?
2ax pf ˝ s|Eky,

where s : η ÞÑ ´η{2a, and Ekpηq “ e2πikη. In particular x pfχr´a,as|Eky “ 0 for all
k P Z. But by Folland Theorem 8.20 tEkukPZ is an orthonormal basis for L2pTq,
so pfχr´a,as “ 0 a.e. Therefore, since pf P L2pTq, by the Fourier inversion theorem
(namely since the Fourier transform is an isomorphism L2 Ñ L2), pf ˝ s “ 0 a.e. on
r´1{2, 1{2s. Thus pfχr´a,as “ 0 a.e., and hence pf “ 0 for a.e. ξ P R (since already
pfpξq “ 0 for all ξ ą a). It follows that tζkukPZ is a basis of ℋa.

(c) Fix f P ℋa. By part (b) tζkukPZ is an orthonormal basis of ℋa, so

f “
ÿ

kPZ
xf |ζkyζk “

ÿ

kPZ
x pf |pζkyζk,

where the series converge in L2. Thus it is is enough to show xf |ζky “ 1?
2a
fpk{2aq

for k P Z and that
ř

kPZ fpk{2aqζk converges to f uniformly. We have

xf^
|ζ^

k y “
1

?
2a

ż

f^
pxqe2πipk{2aqxχr´a,aspxq dx

“
1

?
2a

ż a

´a

f^
pxqe2πipk{2aqx dx “

1
?
2a

p

pfp´k{2aq “
1

?
2a

fpk{2aq,

so it only remains to show the series converges uniformly, and for this it is enough to
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show the sequence t
řN

k“´N fpk{2aqζkuNPZ is uniformly Cauchy.
Fix ε ą 0. By Parseval’s identity

ř

kPZ|xf |ζky| “ }f}
2
2 ă 8, so for all sufficiently

large N P Zě0
ÿ

kPZ
|xf |ζky|

2
ă ε. (6.4)

Now fix x P R and M,N P Z with M ď N . For all sufficiently large M,N P Z, we
have
ˇ

ˇ

ˇ

ÿN

k“M
fpk{2aq sincp2ax ´ kq

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ÿN

k“M
xf |ζkyζkpxq

ˇ

ˇ

ˇ
“
ÿN

k“M
|xf |ζky||ζkpxq|

ď

´

ÿN

k“M
|xf |ζky|

2
¯1{2´ÿN

k“M
|ζkpxq|

2
¯1{2 (6.4)

ă ε1{2
´

ÿN

k“M
|ζkpxq|

2
¯1{2

where we used the Cauchy–Schwarz inequality. Since χr´a,as is a factor of ζk, we may
assume x P r´a, as, and hence that 0 ď |x| ď a. But we only know this (the previous
sentence) for ζk, not pζk! This requires a correction before the rest of the argument
to work. It thus only remains to show the remaining sum term on the right-hand
side is uniformly bounded for all x P r´a, as as M,N Ñ 8. For all sufficiently large
M,N P Zě0 sufficiently large and k P tM ` 1, . . . , Nu, we have

|2ax ´ k|
2

“ |k ´ 2ax|
2

ě ||k|
2

´ 2a|x|| ě
|k|

2

2
“

k2

2
,

and hence
1

|2ax ´ k|
2 ď

2

k2
,

so that
ÿN

k“M
|ζkpxq|

2
“

2a

π2

ÿN

k“M

|sinpπp2ax ´ kqq|
2

|2ax ´ k|
2 ď

2a

π2

ÿN

k“M

1

|2ax ´ k|
2 ď

4a

π2

ÿN

k“M

1

k2
ă ε,

where the final step is by Folland Exercise 8.13(b). The argument that
}x ÞÑ

řN
k“M fpk{2aq sincp2ax ´ kq}u ă ε for all sufficiently large M,N P Z with

M ď N is similar. Thus the series
ř8

k“´8
fpk{2aq sincp2ax´ kq is uniformly Cauchy,

and hence converges uniformly.
Lastly, we show fpxq “

ř

kPZ fpk{2aq sincp2ax ´ kq a.e. and that f P C0. We
already know the partial sums converge to f in L2, so some subsequence of the
partial sums converge to f pointwise a.e., so, after modification of f on a null set
f equals the given series. Thus f is the uniform limit of the partial sums—which
are themselves continuous since sinc is—so f is continuous. To see f vanishes at
infinity, note that if we take the Fourier transformation of Equation (6.3) once more,
we obtain

p

pζkpxq “
1

?
2a

ż

e´2πipk{2aqξχr´a,aspξqe´2πixξ dξ “
1

?
2a

ż

χr´a,aspξqe2πip´x´k{2aqξ dξ

“
1

?
2a

χ_
r´a,asp´x ´ k{2aq

(6.2)
“ ζkp´xq.
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But tζkukPZ is an orthonormal basis for ℋa, so we have a convergent series in L2

given by

fp´xq “
ÿ

kPZ
xf |ζkyζkp´xq “

ÿ

kPZ
xf |ζky

p

pζkpxq “ ℱ2
´

x ÞÑ
ÿ

kPZ
xf |ζkyζkpxq

¯

pxq “
p

pfpxq,

where the penultimate equality is by the DCT, so in particular pf P L1 by the Fourier
inversion theorem. Thus p

pfp´xq “ fpxq is the Fourier transform of an L1 function,
so f P C0 by the Riemann–Lebesgue lemma.
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Folland Exercise 8.16.

Let fk “ χr´1,1s ˚ χr´k,ks.
(a) Compute fkpxq explicitly and show that }fk}u “ 2.
(b) f_

k pxq “ pπxq´2 sin 2πkx sin 2πx, and }f_
k }1 Ñ 8 as k Ñ 8. (Use Folland

Exercise 8.15(a), and substitute y “ 2πkx in the integral defining }f_
k }1.)

(c) ℱpL1q is a proper subset of C0. (Consider gk “ f^
k and use the open mapping

theorem.)

Solution.
(a) Let ra, bs, rc, ds Ă R. Then

χrc,dspx ´ yq “ δcďx´yďd “ δx´dďyďx´c “ χrx´d,x´cspyq,

so

χra,bs ˚ χrc,dspxq “

ż

χra,bspyqχrc,dspx ´ yq dy “ χra,bspyqχrx´d,x´cspyq dy

“

ż

χra,bsXrx´d,x´cspyq dy “ mpra, bs X rx ´ d, x ´ csq.

Thus
}f}u “ supxPR|mpr´1, 1s X rx ´ k, x ` ksq| ď mpr´1, 1sq “ 2.

(b) By Folland Exercise 8.15(a),
f_
k pxq “ pχr´1,1s ˚ χr´k,ksq

_
pxq “ χ_

r´1,1spxqχ_
r´k,kspxq

“ 2 sincp2xq2k sincp2kxq “ pπxq
´2 sinp2πxq sinp2πkxq

and, making the substitution y ÞÑ 2kπx, we obtain
ż

|f_
k pxq| dx “ π´2

ż

ˇ

ˇ

ˇ

ˇ

1

x2
sinp2πxq sinp2πkxq

ˇ

ˇ

ˇ

ˇ

dx

“ 4|k|
2

ż

ˇ

ˇ

ˇ

ˇ

1

y2
sinpyq sinpy{kq

ˇ

ˇ

ˇ

ˇ

dy “ 4|k| lim
NÑ8

ż 8

´8

ˇ

ˇ

ˇ

ˇ

sin y

y

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

sinpy{kq

y{k

ˇ

ˇ

ˇ

ˇ

dy.

For all N P Zě0,
ˇ

ˇ

ˇ

sin y
y

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

sinpy{kq

y{k

ˇ

ˇ

ˇ
χrN,Ns ď χrN,Ns P L1, so by the DCT we have

lim
kÑ8

ż N

´N

ˇ

ˇ

ˇ

ˇ

sin y

y

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

sinpy{kq

y{k

ˇ

ˇ

ˇ

ˇ

dy “

ż N

´N

lim
kÑ8

ˇ

ˇ

ˇ

ˇ

sin y

y

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

sinpy{kq

y{k

ˇ

ˇ

ˇ

ˇ

dy “

ż N

´N

ˇ

ˇ

ˇ

ˇ

sin y

y

ˇ

ˇ

ˇ

ˇ

dy.

Hence
}f_

k }1 ě

ż N

´N

ˇ

ˇ

ˇ

ˇ

sin y

y

ˇ

ˇ

ˇ

ˇ

dy (6.5)
for all N P Zě0. But the right-hand side diverges to 8 as N Ñ 8, which we now show
(or, alternatively, by Folland Exercise 2.59). Note that |sinx| ě 1{2 for all x P R such
that |x| P rπ{6, 5π{6s, r7π{6, 11π{6s, r13π{6, 17π{6s, . . . . On these respective intervals,
we have |1{x| ě 6{5π, 6{11π, 6{17π, . . . , and thus

ˇ

ˇ

sinx
x

ˇ

ˇ ě 3{5π, 3{11π, 3{17π, . . . .
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Therefore, for all k P Zě0, by taking the limit of Equation (6.5) as N Ñ 8, we obtain
ż 8

´8

ˇ

ˇ

ˇ

ˇ

sin y

y

ˇ

ˇ

ˇ

ˇ

dy ě 3

ˆ

1

5π
`

1

11π
`

1

17π
` ¨ ¨ ¨

˙

“
3

π

ÿ8

N“1

1

6N ´ 1
“ 8.

(c) Any pf P ℱpL1q is continuous since ℱ maps L1 into C0. Now suppose for a contra-
diction ℱpL1q “ C0. By the Hausdorff–Young inequality, ℱ is bounded as a map
L1 Ñ C0 (since pf P C0 Ă Cb, hence } pf}u “ } pf}

8
ď }f}1 for all f P L1). Thus ℱ is

a bounded surjection, so by the open mapping theorem F is invertible on L1 and
ℱ´1 : C0 Ñ L1 is bounded. Then there exists C ą 0 such that for all k P Zě0,

} pfk}1 ď C}fk}u
(a)
“ 2C,

contradicting part (b) since } pfk}1 Ñ 8 as k Ñ 8.
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Folland Exercise 8.19.

If f P L2pRnq and the set S “ tx | fpxq ‰ 0u has finite measure, then for any measurable
E Ă Rn,

} pfχE}
2
2 ď }f}

2
2mpSqmpEq.

Solution. Given that the measure of the set S is finite (mpSq ă 8), it follows that
LppSq Ă LqpSq for 1 ď q ď p. Thus, since f P L2pSq, we have f P L1pSq. And for any
fixed ξ P Rn, we have

ż

S

|e2πix¨ξ
|
2 dx “

ż

S

1 dx “ mpSq ă 8,

so the map x ÞÑ e2πix¨ξ is also in L2pSq. Now by Hölder’s inequality

| pfpξq| “

ˇ

ˇ

ˇ

ˇ

ż

fpxqe´2πiξ¨x dx

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

χSpxqfpxqe´2πiξ¨x dx

ˇ

ˇ

ˇ

ˇ

ď }f}2}χS}2 “ }f}2mpSq
1{2, (6.6)

where the second equality is because f |Rn∖S “ 0 (by definition of S). Thus

} pfχE}
2
2 “

ż

E

| pfpξq|
2dξ

(6.6)
ď }f}

2
2mpSq

ż

E

1 dξ “ }f}
2
2mpSqmpEq.
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Q5.

Suppose that f P L1pRq and both f and pf have compact support. Prove that f “ 0.

Solution. Since we can translate and compose with scalar multiplication, we may assume
without loss of generality supp f Ă r0, 1{2s. Since f P L1, By the Hausdorff–Young
theorem pf P L8 and } pf}

8
ď }f}1. Hence pf is a.e. bounded, and in particular

} pf}1 “

ż

| pf | ď

ż

}f}1χsuppp pfq ă 8.

Thus pf P L1, so by the Fourier inversion theorem f is a.e. continuous and pf^ “ pf_q^ “ f .
Since supp pf is bounded, there exists N P Zě0 such that pfpκq “ 0 whenever |κ| ě N .

In particular, the Fourier series of f is
řN

m“´N
pfpmqe2πimx. By a corollary to the Fourier

inversion theorem (namely Folland Corollary 8.27), to see f “
řN

m“´N
pfpmqe2πimx a.e. it

suffices to show for κ P Z that
ℱ
´

x ÞÑ
ÿN

m“´N
pfpmqe2πimx

¯

pκq “ pfpκq.

And indeed,

ℱ
´

x ÞÑ
ÿN

m“´N
pfpmqe2πimx

¯

pκq “

ż 1

0

´

ÿN

m“´N
pfpmqe2πimx

¯

e´2πiκx dx

“
ÿN

m“´N
pfpmq

ż 1

0

e2πipm´κqx dx “
ÿN

m“´N
pfpmqδm,κ “ pfpκq,

so f “
řN

m“´N
pfpmqe2πimx a.e. But f vanishes on the interval p1{2, 1q, so the sum

řN
m“´N

pfpmqe2πimx “ 0 must also; but any trigonometric polynomial that vanishes on
an interval must be identically zero (e.g., by the identity principle, since trigonometric
polynomials are holomorphic), so f “ 0.

Version of April 23, 2024 at 2:04pm EST Page 37 of 40

https://www.greysonwesley.com/home


Greyson C. Wesley Analysis 2: Homework 5 April 3, 2024

Q6.

Show that the conditions 1
p

` 1
q

“ 1 and 1 ď p ď 2 in the Hausdorff–Young inequality
(Folland Theorem 8.30) are both necessary for such an inequality to hold. 4

Solution. Suppose p, q P r1,8s satisfy
} pf}q ď }f}p for all f P Lp

pRn
q. (6.7)

• Necessity that the exponents are conjugate: Suppose p, q P r1,8s, and consider an
arbitrary f P LppRnq. For t ą 0, define ftpxq “ t´nfpt´1xq.

}ft}p “

ˆ
ż

t´np
|fpt´1xq|

p dx

˙1{p

“ t´n

ˆ
ż

tn|fpxq|
p dx

˙1{p

“ t´np1´1{pq
}f}p, (6.8)

and this equation still holds if p “ 8 with the convention 1{p “ 0. Now in particular
we know ft P Lp. Now write

pf tpξq “ t´n

ż

fpt´1xqe´2πiξ¨x dt “

ż

fpyqe´2πiξ¨py{tq dy “ pfptξq.

Then

} pf t}q “

ˆ
ż

| pfptξq|
q dξ

˙1{q

“ t´n{q

ˆ
ż

| pfpξq|
q dξ

˙1{q

“ t´n{q
} pf}q (6.9)

so

} pf}q
(6.9)
“ tn{q

} pf t}q

(6.7)
ď tn{q

}ft}p
(6.8)
“ tn{qt´np1´1{pq

}f}p “ tnp 1
p

` 1
q

´1q}f}p,

where we use the condition that 1{q “ 0 for q “ 8. But t ą 0 was arbitrary,
so this must hold for all such t; thus 1{p ` 1{q ´ 1 “ 0, so p and q are conjugate
exponents. Thus the conjugate exponent condition in the Hausdorff–Young inequality
is necessary for p, q P r1,8s.

• Necessity that p P r1, 2s: Suppose for a contradiction p P p2,8s and again consider
an arbitrary f P L1pRnq. First note p ‰ 8, since otherwise by Folland Exercise 8.15
the L1pRq function χr´ 1

2
, 1
2

s satisfies

8 “

ż 8

´8

ˇ

ˇ

ˇ

ˇ

sinpξq

ξ

ˇ

ˇ

ˇ

ˇ

dξ “ }pχr´ 1
2
, 1
2

s}1

(6.7)
ď }χr´ 1

2
, 1
2

s}8
“ 1,

a contradiction (and the case of general n P Zě1 is similar by considering χr´1{2,1{2sn),
so we may assume p P p2,8q.

Let fspxq “ s´n{2e´π|x|
2

{s and let hpxq “ e´πs|x|
2

, so that fs “ ph by Folland
Proposition 8.24. By our assumption (6.7) and the previous point, 1{p ` 1{q “ 1.
Then q P p1, 2q, and in particular q ă p. We have

}h}p “

ˆ
ż

|e´πs|x|
2

|
p dx

˙1{p

“

ˆ
ż

e´πp|x|
2

dx

˙1{p Folland
Prop. 2.53

“ p´n{2p (6.10)
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and

}ph}q “ }fs}q “

ˆ
ż

|s´n{2e´π|x|
2

{s
|
q

˙1{q

“ |s|
´n{2

ˆ
ż

e´πqp1`t2q´1|x|
2

dx

˙1{q

Folland
Prop. 2.53

“ |s|
´n{2

ˆ

π

πqp1 ` t2q´1

˙n{2q

“ p1 ` t2q´n{4q´n{2q
p1 ` t2qn{2q

“ q´n{2q
p1 ` t2q

n
4

p 2
q

´1q
“ q´n{2q

p1 ` t2q
n
4 p 1

q
´ 1

pq, (6.11)
where for the last equality we used the requirement from the previous point that
1{p ` 1{q “ 1. In particular h P LppRnq, so by our assumption (6.7)

p´n{2p (6.10)
“ }h}p ě }ph}q

(6.11)
“ q´n{2q

p1 ` t2q
n
4 p 1

q
´ 1

pq.

Raising both sides to the power of ´2{n, we obtain

p1{p
ď q1{q

p1 ` t2q´ 1
2p 1

q
´ 1

pq. (6.12)
Since p ă q by assumption, ´1{2p1{q ´ 1{pq ă 0, so by choosing t ą 0 appropriately
we can make p1 ` tq´ 1

2p 1
q

´ 1
pq arbitrarily small. But p1{p is strictly positive, so this

contradicts Equation (6.12). Thus p R p2,8s, so p P r1, 2s.
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